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Abstract
We compute the onium-onium scattering amplitude at fixed impact parameter in the
framework of the perturbative QCD dipole model. Relying on conformal properties of
the dipole cascade and of the elementary dipole-dipole scattering amplitude, we obtain
an exact result for this onium-onium scattering amplitude, which is proven to be identical
to the BFKL result, and which exhibits the frame invariance of the calculation. The
asymptotic expression for this amplitude and for the dipole distribution in an onium at
fixed impact parameter agree with previous numerical simulations. We show how it is
possible to describe onium-e± deep inelastic scattering in the dipole model, relying on
kT -factorization properties. The elementary scattering amplitudes involved in the various
processes are computed using eikonal techniques.
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1 Introduction
The HERA experiments [1, 2] have focused attention on the Balitsky-Fadin- Kuraev-Lipatov
(BFKL) Pomeron [3], which should be relevant for describing the small-xbj behaviour of the
proton structure function. More generally, this perturbative QCD hard Pomeron describes the
behaviour of hadronic scattering amplitudes at very high energy s and fixed momentum transfer
t ∼ −m2 (m being an hadronic mass scale). In this Leading Logarithmic Approximation, one
takes into account the exchange of a bound state of two reggeized gluons in t-channel. This
resummation, based on perturbative Regge physics, predicts an increase of the amplitude
ABFKL ∝ sαP , (1.1)
where
αP = 1 +
αSNc
π
4 ln 2 > 1. (1.2)
Using the optical theorem, it follows that this behaviour violates the Froissart bound at very
high s
σtot ≤ c ln2 s. (1.3)
This violation is directly related to the unitarization problem of QCD, which is one of the
main problems to be solved in the theory of strong interaction. Various approaches have been
recently proposed in order to restore unitarity. In the multiregge approach, it has been shown
that the Generalized Leading Logarithmic Approximation [4, 5, 6], where one takes into account
the exchange of any fixed number of reggeized gluons in t-channel, is equivalent to the non-
compact Heisenberg XXX spin chain [7, 8] in the multicolor limit of QCD. The solution of this
integrable model is still an open problem [9, 10, 11, 12, 13]. In the model recently developped
by Mueller et al [14, 15, 16, 17] and separately by Nikolaev et al [18, 19], in order to control the
perturbative approach, one deals with onia, which are heavy quark-antiquark bound states, so
that their transverse size naturally provides an infra-red cut-off. The relevant degrees of freedom
at high energy are then made of color dipoles. These color dipoles produce a classical cascade
in the multicolor limit, which reveals a Pomeron type dynamics. This approach, combined with
kT -factorization [20, 21, 22], has been successfully applied to deep inelastic e
±−p scattering for
describing HERA data for F2 [23, 24, 25]. In the more general case of onium-onium scattering,
the BFKL approximation corresponds to the exchange of one pair of gluons between two excited
dipoles, each one being extracted from one of the two onia. The unitarization problem can also
be studied in this dipole model. In real physics, unitarity and analyticity of the S matrix and
the finite range of strong interaction lead to the Froissart bound (1.3) for total cross-section.
Unitarity implies in particular at fixed impact parameter that the probability of any event
cannot exceed 1, that is
|S(b)| ≤ 1. (1.4)
One way of enforcing unitarity in the framework of perturbative QCD would then be to take
into account two and more left moving dipoles scattering off an equal number of right moving
dipoles. As long as the relative rapidity Y of the two onia is not too high, it is possible to deal
with unitarization effects without facing saturations effects, that is one can consider each dipole
in the wave function of the onia as still dilute [16, 26]. However, because of non-trivial dynamics
in transverse space, the usual Glauber multiple scattering series, which corresponds to summing
up multiple Pomeron exchanges, diverges factorially. A possible way of escaping this problem is
to sum over to the number of exchanged Pomerons, and only after this summation is performed,
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averaging over configurations of dipoles in the onia wave functions. Such an approach, except
for a toy model where the transverse dynamics is absent [16], has not been yet carried out
analytically. Numerically, such an approach is possible, and Monte Carlo simulations indeed
show that QCD unitarizes in the dipole framework [27, 28].
Our aim is to study how this can be carried out analytically. In this paper, we will focus
on the onium-onium cross-section at fixed impact parameter. It is organized as follows. In
section 2, we calculate the onium-onium scattering amplitude at fixed impact parameter. The
method developped here is rather general, and is based on expansions over conformal three
points correlation functions. Using this representation, we calculate the distribution of dipoles
inside an onium, at fixed impact parameter, and obtain its precise dependence with respect
to the transverse size of the excited dipole. Then, the cross-section at fixed impact parameter
is obtained using the elementary dipole-dipole cross-section, which is calculated by eikonal
methods and expanded on a conformal basis. Our result shows the exact equivalence between
the dipole and the BFKL approaches for inclusive processes. In section 3, we study some
physical applications of the dipole picture, namely e± − Onium deep inelastic scattering. We
rely on kT -factorization and apply eikonal techniques for computing the elementary dipole-gluon
cross-section.
2 Onium-onium cross-section at fixed impact parameter
In this section, we calculate the onium-onium scattering amplitude in the BFKL approximation.
This calculation has been first carried out in Ref. [15, 16]. It used an expansion on a conformal
three points correlation function basis. Asymptotic expressions of this basis were used in this
calculation. The calculation which is presently developped gives the correct dependence with
respect to the transverse sizes of onia. This dependence is highly non trivial and could not be
obtained without a careful treatment of the conformal basis.
We thus consider onium-onium scattering in the leading logarithmic approximation. The
infinite-momentum wave function of an onium, in the large Nc limit, was calculated pertur-
batively in Ref. [14]. This calculation is based on an approximation of eikonal type, due to
the ordering of longitudinal momenta. This allows one to compute the probability of emitting
a gluon from a quark, and then from a quark-antiquark pair, that is from a color dipole. In
the multicolor limit, the cascade of emitted soft gluons decouples, leading to a semi-classical
cascade of color dipoles, in term of probability, since interference terms cancels in this limit.
The onium-onium elastic scattering amplitude at fixed impact parameter A(Y, b) can then be
expressed using a parton type formulation. It involves the number of dipoles in each onium
and the elementary cross-section of two such dipoles. For a relative rapidity Y and impact
parameter b, A(Y, b) can be expressed as
A(Y, b) = −i
∫
d2x1
∫
d2x2
∫ 1
0
dz1
∫ 1
0
dz2Φ(x1, z1)Φ(x2, z2)F (x1, x2, Y˜ , b). (2.5)
Φ(xi, zi) is the square of the heavy quark-antiquark part of the onium wavefunction, xi being
the transverse size of the quark-antiquark pair and zi the longitudinal momentum fraction of
the antiquark. The momentum p+1 and p
−
2 of the two onia are supposed to be large, with
p
1
= p
2
= 0. Y is related to Y˜ by Y˜ = Y + ln z1z2, due to the fact that the perturbative dipole
cascade originates from the quark-antiquark pair. The distribution Φ(x, z) of this pair cannot
be computed perturbatively, and goes far beyond the purpose of the present approach. The
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scattering amplitude F is then evaluated in term of the perturbative dipole cascade. Following
Ref. [14, 15], we define n(x01, x, b, Y˜ ) such that
N(x, b, Y ) =
∫
d2x
∫ 1
0
dz1Φ(x, z1)n(x, x
′, Y˜ , b) (2.6)
is the number density of dipoles of transverse size x′, at a tranverse distance b from the center
of the quark-antiquark pair, where the momentum fraction of the softest of the two gluons (or
quark or antiquark) which compose the dipole is larger or equal to e−Y . Y˜ is the relative rapidity
with respect to the heavy quark given by Y˜ = Y +ln z1. In the leading logarithm approximation
(noted F (1)) where the scattering is due to the exchange of a single pair of gluons between the
two dipoles extracted from the left and right moving onia, F (1) reads
F (1)(x1, x2, Y˜ , b) = −12
∫
d2x′1
2πx′1
2
d2x′2
2πx′2
2d
2b1 d
2b2 d
2(b′2 − b′1) δ2(b1 − b2 − b′1 + b′2 − b)
×n(x1, x′1, Y˜1, b1)n(x2, x′2, Y˜2, b2) σDD(x′1, x′2, b′1 − b′2). (2.7)
The rapidities Y˜1 and Y˜2 are such that Y˜ = Y˜1 + Y˜2. Eq. (2.7) involves the elementary dipole-
dipole cross-section at fixed impact parameter σDD, which has been evaluated in [15], and which
is calculated in appendix A.2 using eikonal techniques. For two dipoles of transverse sizes x′1
and x′2, whose centers are located at b
′
1 and b
′
2, one obtains
σDD(x
′
1, x
′
2, b
′
1 − b′2) = αs

ln |b
′
1 − b′2 + x
′
1
+x′
2
2
||b′1 − b′2 − x
′
1
+x′
2
2
|
|b′1 − b′2 + x
′
1
−x′
2
2
||b′1 − b′2 − x
′
1
−x′
2
2
|


2
. (2.8)
The forward scattering amplitude can then be evaluated by integration over impact parameter,
namely
A(Y ) =
∫
d2bA(Y, b). (2.9)
A(Y ) is normalized so that the optical theorem reads
σ(Y ) = 2 ImA. (2.10)
In order to get the expression for n(x, x′, Y˜ , b), one relies on the global conformal invariance of
the dipole emission kernel, related to the absence of scale. We thus decompose this distribution
on the basis of conformaly invariant three points holomorphic and antiholomorphic correlation
functions [29, 30]. Introducing complex coordinates in the two-dimensional transverse space
ρ = (ρx, ρy) (2.11)
ρ = ρx + iρy and ρ
∗ = ρx − iρy, (2.12)
the complete set of eigenfunctions En,ν of the dipole emission kernel is
En,ν(ρ
10
, ρ
20
) = (−1)n
(
ρ12
ρ10ρ20
)h (
ρ∗12
ρ∗10ρ
∗
20
)h¯
, (2.13)
with
h =
1− n
2
+ iν
h¯ =
1 + n
2
+ iν (2.14)
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being the corresponding conformal weights, with n integer and ν real. This set constitutes a
unitary irreducible representation of SL(2,C) [31].
We get rid of the longitudinal degrees of freedom by using a Mellin transform with respect
to Y˜ , namely
n(x, x′, Y˜ , b) =
∫ dω
2iπ
eωY˜ nω(x, x
′, b). (2.15)
Expanding the dipole distribution on the conformal basis, one writes
nω(x, x
′, b) =
n=+∞∑
n=−∞
8
∫
dν
(2π)3
d2w
x′2
(
ν2 +
n2
4
)
n{ν,n}ω
×En,ν
(
b+
x′
2
− w, b− x
′
2
− w
)
En,ν∗
(
x
2
− w,−x
2
− w
)
. (2.16)
In this expression, the transverse integration is done with respect to the coordinate w of the
center of mass of the quark-antiquark pair. The longitudinal dynamics gives rise to the term
n{ν,n}ω, which was computed in Ref. [14], and has the following expression
n{ν,n}ω =
2
ω − 2αSNc
π
χ(n, ν)
, (2.17)
where
χ(n, ν) = ψ(1)− 1
2
ψ
( |n|+ 1
2
+ iν
)
− 1
2
ψ
( |n|+ 1
2
− iν
)
= ψ(1)−Reψ
( |n|+ 1
2
+ iν
)
. (2.18)
Going back to the longitudinal space, the distribution of dipoles takes the form
n(x, x′, Y˜ , b) =
+∞∑
n=−∞
16
∫ dν
(2π)3
d2w
x′2
(
ν2 +
n2
4
)
exp
(
2αNc
π
χ(n, ν)Y˜
)
×En,ν
(
b+
x′
2
− w, b− x
′
2
− w
)
En,ν∗
(
x
2
− w,−x
2
− w
)
. (2.19)
This distribution can be more easily computed by using a Fourier transform with respect to
the impact parameter, that is by fixing the t channel exchanged momentum. We thus define
n(x, x′, Y˜ , b) =
∫ d2q
(2π)2
e−iq.b n(x, x′, Y˜ , q), (2.20)
and introduce, following Ref. [29], the corresponding mixed representation of En,ν, namely
En,νq (ρ) =
2π2
bn,ν
∫
d2R
|ρ| e
iq.REn,ν
(
R +
ρ
2
, R− ρ
2
)
. (2.21)
The normalisation term bn,ν is given by
bn,ν = π
3 1
−iν + |n|/22
4iν Γ(−iν + (1 + |n|)/2)
Γ(iν + (1 + |n|)/2)
Γ(iν + |n|/2)
Γ(−iν + |n|/2) . (2.22)
In this Fourier representation the dipole distribution reads
n(x, x′, Y˜ , b) =
+∞∑
n=−∞
∫ dν
2π
∫ d2q
(2π)2
e−iq.b En,ν∗q (x)En,νq (x′)
x
x′
exp
(
2αNc
π
χ(n, ν)Y˜
)
. (2.23)
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2.1 The large rapidity dipole density at fixed impact parameter
At very large Y˜ , the term corresponding to n = 0 dominates the exponential term in the
expansion (2.23) because of the expression of χ(n, ν) (see Eq. (2.18)), and we will restrict
ourselves to this case in this subsection.
We first give a useful representation for E0ν∗q (a general representation for E
nν∗
q can also
be obtained [32]). From Eqs. (2.13) and (2.21), we get
E0,νq (ρ) =
2π2
b0,ν
ρ2iν
∫
d2Reiq.R{∣∣∣R− ρ/2∣∣∣ ∣∣∣R + ρ/2∣∣∣}1+2iν
=
2π2
b0,ν
ρ2iν eiq.ρ/2
∫
d2R′ eiq.R
′
{
|R′|
∣∣∣R′ + ρ∣∣∣}1+2iν . (2.24)
Introducing the Feynman representation of the integrand
1
{|R′|2
∣∣∣R′ + ρ∣∣∣2}12+iν =
Γ(1 + 2iν)
Γ2
(
1
2
+ iν
) ∫ 1
0
[α(1− α)]iν−12dα
D1+2iνα
, (2.25)
where
Dα = (1− α)R′2 + α(R′ + ρ)2 = |R′ + αρ|2 + ρ2α(1− α), (2.26)
and setting R = R′ + αρ, Eq. (2.24) now reads
E0,νq (ρ) =
2π2
b0,ν
ρ2iν
Γ(1 + 2iν)
Γ2
(
1
2
+ iν
) ∫ 1
0
dα[α(1−α)]iν−12eiq.{ρ/2−αρ}
∫
d2Reiq.R[
R2 + ρ2α(1− α)
]1+2iν . (2.27)
The integration with respect to the angle (q, R) leads to a Bessel function J0(qR). The in-
tegration with respect to R = |R| can then be carried out, using the formula (6.565) of Ref.
[33] ∫ Jν(qx) xν+1
[x2 + a2]µ+1
dx =
aν−µqµKν−µ(aq)
2µΓ(µ+ 1)
. (2.28)
This finally yields
E0,νq (ρ) =
4π3
b0,ν
eiq.ρ/2
(
q
2
)2iν 1
Γ2
(
1
2
+ iν
) ∫ 1
0
dα[α(1− α)]−12 e−iαq.ρK−2iν
(
qρ
√
α(1− α)
)
.
(2.29)
This last integration can be performed and yields (see appendix A.6)
E0,νq (ρ) =
(
q
2
)2iν
2−2iνΓ2(1− iν)
[
Jiν
(
ρq
4
eiΨ
)
Jiν
(
ρq
4
e−iΨ
)
− J−iν
(
ρq
4
eiΨ
)
J−iν
(
ρq
4
e−iΨ
)]
,
(2.30)
where Ψ is the angle (q, ρ). We will not need this explicit form in the following calculation.
Let us now compute the contribution to the density of dipole (2.23) corresponding to
n = 0. Since the longitudinal and the transverse degrees of freedom can be easily separated
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(see formula (2.23)), we will forget the exponential term depending on the rapidity Y˜ , and will
restore this dependence at the very end. We thus define n{n,ν}(x, x
′, b) such that
n(x, x′, Y˜ , b) =
+∞∑
n=−∞
∫
dν
2π
n{n,ν}(x, x
′, b) exp
(
2αNc
π
χ(n, ν)Y˜
)
. (2.31)
In the asymptotic case we are interested in,
n(x, x′, Y˜ , b) ∼
∫
dν
2π
n{0,ν}(x, x
′, b) exp
(
2αNc
π
χ(0, ν)Y˜
)
. (2.32)
We can now express the distribution of dipole, taking into account Eq. (2.32). When Y˜ →∞,
one can use a saddle approximation for the ν−integration. The function χ(0, ν) is maximum
at ν = 0, which thus defines the saddle-point. We will thus expand n{0,ν} around ν = 0. Using
the expression (2.29), n{0,ν} then reads
n{0,ν}(x, x
′, b) =
16π6
|b0,ν |2
x
x′
1
Γ2
(
1
2
+ iν
)
Γ2
(
1
2
− iν
) ∫ d2q
(2π)2
∫ 1
0
dα
∫ 1
0
dβ [α(1− α)]−12 [β(1− β)]−12
× eiq.
x
2
(1− 2α)
e
−iq.x
′
2
(1− 2β)
e−iq.bK2iν(qx
√
α(1− α))K−2iν(qx′
√
β(1− β)). (2.33)
Setting v = x
2
(1− 2α)− x′
2
(1− 2β) + b, the integration with respect to the angle (q, v) gives a
Bessel function J0(qv). The integration with respect to q can be carried out using the following
formula [34]
∫ ∞
0
xµ+1Kλ(a1x)Kλ(a2x)Jµ(a3x)dx
=
1
2
√
π
2
(
a3
a1a2
)µ+1
P−µ−
1
2
λ−
1
2
(z)(z2 − 1)−µ2− 14Γ(µ+ λ+ 1)Γ(µ− λ + 1), (2.34)
where z =
1
2
a21 + a
2
2 + a
2
3
a1a2
, and P is a Legendre function. Here µ = 0, λ = 2iν and the
corresponding Legendre function is
P−
1
2
γ (z) = (2π)
−
1
2
(
1
2
+ γ
)−1
(z2 − 1)− 14


[
z + (z2 − 1)12
]γ+1
2 −
[
z +( z
2 − 1)12
]γ+1
2

 . (2.35)
In the case we are interested in, a1 = x
√
α(1− α), a2 = x′
√
β(1− β) and a3 = b. In the domain
b≫ x, x′ (where the total cross-section gets its dominant contribution: see subsection 2.2),
z ≃ b
2
2xx′
[α(1− α)β(1− β)]−12 ≫ 1, (2.36)
and thus∫
q K2iν
(
qx
√
α(1− α)
)
K−2iν
(
qx′
√
β(1− β)
)
J0(qv) dq ≃ 1
2
1
2iν
Γ(1 + 2iν)Γ(1 − 2iν)
× 1
b2


[
b2
xx′
]2iν
[α(1− α)β(1− β)]−iν −
[
b2
xx′
]−2iν
[α(1− α)β(1− β)]iν

 . (2.37)
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Using Ref. [29],
an,ν =
π4/2
ν2 + n2/4
=
|bn,ν|2
2π2
, (2.38)
which gives for n{0,ν}
n{0,ν}(x, x
′, b) ≃ −2iν
π
x
x′
1
b2
Γ(1 + 2iν)Γ(1− 2iν)
Γ2(1
2
+ iν)Γ2(1
2
− iν)
∫ ∞
0
dα
∫ ∞
0
dβ
×


(
b2
xx′
)2iν
[α(1− α)β(1− β)]−12−iν −
(
b2
xx′
)−2iν
[α(1− α)β(1− β)]−12+iν

 . (2.39)
The integration with respect to α and β can now be carried out. This yields
n{0,ν}(x, x
′, b) ≃ −2iν
π
x
x′
1
b2

Γ(1 + 2iν)Γ(1− 2iν)
Γ2(1
2
− iν)
Γ2(1
2
+ iν)
(
b2
xx′
)2iν
− c.c

 . (2.40)
Using the doubling formula, one finally obtains
n{0,ν}(x, x
′, b) ≃ −2iν
π
x
x′
1
b2


(
16b2
xx′
)2iν
−
(
16b2
xx′
)−2iν
+O
(
ν3
)
 . (2.41)
This can now be inserted in Eq. (2.32) to calculate the large Y˜ limit of the density, when
b2/xx′ ≪ 1. We develop χ(0, ν) around ν = 0
χ(0, ν) ∼ 2 ln 2− 7ζ(3)ν2 +O(ν4), (2.42)
and take into account that χ(0,−ν) = χ(0, ν). One has then to compute
n(x, x′, Y˜ , b) ≃ − x
x′
1
b2
∫ +∞
−∞
dν
2π
4iν
π
exp
(
2αsNc
π
2 ln 2 Y˜ − 2αsNc
π
7ζ(3)Y˜ ν2 + 2iν ln
16b2
xx′
)
.
(2.43)
After making the replacement ν ′ = ν − i
(
ln 16b
2
xx′
)
/
(
2αsNc
π
7ζ(3)Y˜
)
, the gaussian integration
with respect to ν ′ finally yields
n(x, x′, Y˜ , b) ≃ x
4b2x′
ln(16 b2/xx′)(
7
2
αsNcζ(3)Y˜
)3/2 exp
{
4αsNc
π
ln 2 Y˜
}
exp
{
− ln
2(16 b2/xx′)
14αsNc
π
ζ(3)Y˜
}
. (2.44)
This result is valid in the domain
2αsNc
π
7ζ(3)Y˜ ≪ ln 16b
2
xx′
≪ 1. (2.45)
This expression corrects the expression (8) of Ref. [16] when one considers the distribution
in transverse space. Numerical simulations and approximate analytical calculations indeed
confirm this factor 16 in the transverse distribution [35]. Note that it is only in this asymptotic
regime that n(x, x′, Y˜ , b) has no angular dependence.
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2.2 Exact result for the onium-onium cross-section at fixed impact
parameter and equivalence with BFKL Pomeron
Let us now compute the onium-onium scattering amplitude at fixed impact parameter according
to the process displayed in figure 1. We denote xa1 (xb1) the transverse coordinate of the heavy
quark (antiquark) making up the right moving onium and xa2 (xb2) the coordinates of the
corresponding quark (antiquark) making the left moving onium. These onia of transverse sizes
x1 = xa1 − xb1 and x2 = xa2 − xb2 scatter through the exchange of a pair of gluons between
two elementary dipoles, respectively of transverse size x′1 and x
′
2, located at b
′
1 and b
′
2 with
respect to the reference point 0 (which is arbitrary due to translation invariance). These two
elementary dipoles are produced by the two heavy quark-antiquark pairs at a distance b1 and
b2 from their center of mass.

x
2
x
1
0
x
0
2
b
0
1
b
0
2
x
0
1
b
1
b
2
b
Figure 1: Onium-Onium scattering at leading order.
In order to compute F (1) as given by Eq. (2.7), we now use the result (2.15, 2.16) for the
dipole density and the following expansion of the dipole-dipole cross-section σDD
σDD(x
′
1, x
′
2, b
′
1 − b′2) =
2α2s
(2π)2
+∞∑
n=−∞
∫ +∞
−∞
dν
∫
d2w
(
ν2 +
n2
4
)
1 + (−1)n(
ν2 +
(
n−1
2
)2)(
ν2 +
(
n+1
2
)2)
×En,ν∗
(
b′1 +
x′1
2
− w, b1 − x
′
1
2
− w
)
En,ν
(
b′2 +
x′2
2
− w, b′2 −
x′2
2
− w
)
, (2.46)
which is proved in appendix A.2. The full expression obtained is
F (1)(x1, x2, Y˜ , b) = −
α2s(16)
2
(2π)2
+∞∑
n1=−∞
+∞∑
n2=−∞
+∞∑
n=−∞
∫ ∞
−∞
dν1
(2π)3
∫ ∞
−∞
dν2
(2π)3
∫ ∞
−∞
dν
∫ d2w1
x′1
2
∫ d2w2
x′2
2
×
∫
d2w
∫
d2x′1
2πx′1
2
∫
d2x′2
2πx′2
2
∫
d2b1
∫
d2b2
∫
d2bint δ
2(b1 − b2 + bint − b)
(
ν21 +
n21
4
) (
ν22 +
n22
4
)
×
(
ν2 +
n2
4
)
1 + (−1)n(
ν2 +
(
n−1
2
)2)(
ν2 +
(
n+1
2
)2) exp
(
2αsNc
π
(χ(n1, ν1)Y˜1 + χ(n2, ν2)Y˜2)
)
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×En1,ν1
(
b1 +
x′1
2
− w1, b1 −
x′1
2
− w1
)
En1,ν1∗
(
x1
2
− w1,−
x1
2
− w1
)
×En2,ν2∗
(
b2 +
x′2
2
− w2, b2 −
x′2
2
− w2
)
En2,ν2
(
x2
2
− w2,−
x2
2
− w2
)
×En,ν∗
(
b1 +
x′1
2
− w, b1 −
x′1
2
− w
)
En,ν
(
bint + b1 +
x′2
2
− w1, bint + b1 −
x′2
2
− w1
)
(2.47)
where we have used the fact that σDD(x
′
1, x
′
2, b
′
1 − b′2) is translationally invariant and only
depends on bint = b
′
2 − b′1. The quantum numbers n1, ν1 and n2, ν2 correspond respectively to
the dipole distributions n(x1, x
′
1, Y˜1, b1) and n(x2, x
′
2, Y˜2, b2).
Note the existence of a term 1 + (−1)n which arises from the s ↔ u symetry of the
elementary dipole-dipole cross-section since the gluon is a massless vector boson (see appendix
A.2). As a consequence only the even n will contribute to the scattering amplitude.
The integration with respect to b2 can be performed through the delta distribution. Then,
the remaining expression can be strongly simplified when using the following orthonormalization
condition for the functions En,ν (see Eq. (A.16) of Ref. [29])
∫ d2ρ1 d2ρ2
|ρ12|4 E
n,ν(ρ10, ρ20)E
m,µ∗(ρ10′ , ρ20′) = an,νδn,m δ(ν − µ) δ2(ρ00′)
+(−1)n bn,ν |ρ00′ |−2−4iν(ρ00′/ρ∗00′)nδn,−m δ(ν + µ). (2.48)
Note that this equation corrects Eq. (A.16) of Ref. [29] since the factor (−1)n in the second
term of the right-hand side was missing. This term arises from the fact that
(
z2 − 1
z2∗ − 1
)n
2
= (−1)n
(
1− z2
1− z2∗
)n
2
, (2.49)
which has to be taken into account when performing the last transformation in Eq. (A.19) of
Ref. [29]. Applying the relation (2.48) for ρ1 = b1 +
x′
1
2
, ρ
2
= b1 − x
′
1
2
, ρ
0
= w1 and ρ0′ = w
on one hand, for ρ′
1
= b1 + bint +
x′
2
2
, ρ′
2
= b1 + bint − x
′
2
2
, ρ
0
= w2 + b and ρ0′ = w on the
other hand, and using the equality d2b1 d
2bint d
2x′1 d
2x′2 = d
2ρ
1
d2ρ
2
d2ρ′
1
d2ρ′
2
, the integration
over these transverse variables gives
F (1)(x1, x2, Y˜ , b) = −
α2s
(2π)2
(16)2
(2π)2
+∞∑
n1=−∞
+∞∑
n2=−∞
+∞∑
n=−∞
∫ ∞
−∞
dν1
(2π)3
∫ ∞
−∞
dν2
(2π)3
∫ ∞
−∞
dν
∫
d2w1
∫
d2w2
×
∫
d2w
(
ν21 +
n21
4
) (
ν22 +
n22
4
) (
ν2 +
n2
4
)
1 + (−1)n(
ν2 +
(
n−1
2
)2)(
ν2 +
(
n+1
2
)2)
× exp
(
2αsNc
π
(χ(n1, ν1)Y˜1 + χ(n2, ν2)Y˜2)
)
×
[
an1,ν1δn1,n δ(ν1 − ν) δ2(w − w1) + bn1,ν1|w − w1|−2−4iν1
(
w − w1
w∗ − w∗1
)n1
δn1,−n δ(ν1 + ν) (−1)n1
]
×
[
an2,ν2δn2,n δ(ν2 − ν) δ2(w − w2 − b) + bn,ν |w − w2 − b|−2−4iν
(
w − w2 − b
w∗ − w∗2 − b∗
)n
δn,−n2
× δ(ν2 + ν) (−1)n
]
En1,ν1∗
(
x1
2
− w1,−
x1
2
− w1
)
En2,ν2
(
x2
2
− w2,−
x2
2
− w2
)
. (2.50)
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The two terms involving the normalisation factors bn1,ν1 and bn,ν can be reexpressed using the
fact that En,ν and En,ν∗ are related by the following relation, which corrects Eq. (A.12) of Ref.
[29] (see appendix A.7)
En,ν∗(ρ
10
, ρ
20
) =
b∗n,ν
an,ν
∫
d2ρ0′E
n,ν(ρ
10′
, ρ
20′
)|ρ00′ |−2+4iν
(
ρ∗0′0
ρ0′0
)n
(−1)n. (2.51)
Note that this relation arises from the equivalence between the two corresponding representa-
tions of SL(2, C) [31]. The integration with respect to w1 and w2 can then be performed. It
gives
∫
d2w1 E
n,ν
(
x1
2
− w1,−
x1
2
− w1
)
|w − w1|−2+4iν
(
w − w1
w∗ − w∗1
)−n
(−1)−n
=
an,ν
b∗n,ν
En,ν∗
(
x1
2
− w,−x1
2
− w
)
. (2.52)
and
∫
d2w2E
−n,−ν
(
x2
2
− w2,−
x2
2
− w2
)
|w − w2 − b|−2−4iν
(
w − w2 − b
w∗ − w∗2 − b∗
)n
(−1)n
=
a−n,−ν
b∗−n,−ν
E−n,−ν∗
(
x2
2
− w + b,−x2
2
− w + b
)
, (2.53)
where we have used the fact that E−n,−ν∗(ρ10, ρ20) = E
n,ν(ρ10, ρ20). Since b−n,−ν∗ = bn,ν (see
Eq. (2.22)) and a−n,−ν = an,ν (see Eq. (2.38)), the contributions of the four terms obtained
after expanding the brackets in Eq. (2.50) are identical and one finally gets, using Y˜ = Y1+ Y˜2,
F (1)(x1, x2, Y˜ , b) = − α
2
s
(2π)2
(2π)6
+∞∑
n=−∞
∫ ∞
−∞
dν
∫
d2w
(
ν2 +
n2
4
)
1 + (−1)n(
ν2 +
(
n−1
2
)2)(
ν2 +
(
n+1
2
)2)
× exp
(
2αsNc
π
χ(n, ν)Y˜
)
En,ν∗
(
x1
2
− w,−x1
2
− w
)
En,ν
(
x2
2
− w + b,−x2
2
− w + b
)
. (2.54)
Some comments are in order about this result, obtained without any approximation. First,
it is clearly independent of the choice of the reference frame, since the result only depends on
the total rapidity Y˜ . In appendix A.4 we explicitly show that this formula describes in an
equivalent way, in the laboratory frame of the left-moving onium (which is defined to be the
frame where this onium is moving relativistically, but has not enough rapidity to reveal its soft
gluon contents), the scattering of this non evolved heavy quark-antiquark pair off one excited
dipole at a distance b from the center of mass of the fast right-moving onium.
Second, and more importantly, it explicitly proves the exact equivalence between the
dipole and the BFKL approaches at leading order. Indeed, taking into account form factors
when coupling the t-channel bound state of reggeized gluons to the external quark-antiquark
pairs (see appendix A.2 for details) and the difference of definition of amplitudes (Adipole =
1
2s
ABFKL), we should have the following relation between the dipole and the BFKL result
F (1)(x1, x2, Y˜ , b) = α
2
s
∫
dω
2πi
exp(ωY˜ ) [fω(xa1, xb1, xa2, xb2) + fω(xb1, xa1, xa2, xb2)], (2.55)
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where fω(xa1, xb1, xa2, xb2) is defined by equation (26) of Ref. [29]
fω(xa1, xb1, xa2, xb2) =
+∞∑
n=−∞
∫ +∞
−∞
∫
d2x0
(
ν2 +
n2
4
)
1(
ν2 +
(
n−1
2
)2)(
ν2 +
(
n+1
2
)2)
× 1
ω − 2αsNc
π
χ(n, ν)
En,ν∗ (xa2 − x0, xb2 − x0) En,ν (xa1 − x0, xb1 − x0) . (2.56)
In this formula the integrand gets a factor (−1)n when permuting xa1 ↔ xb1. Performing the
changes of variable w = x0 − xa1+xb12 and (n, ν) → (−n,−ν), one then recovers exactly the
expansion (2.54) with the factor 1 + (−1)n, which proves the result. Note that the equivalence
between the BFKL and dipole kernel can be also proven by comparing the real and virtual
graphs in covariant and light-cone quantization. The result is that the sum of real and virtual
contributions is identical in both case, although each of these terms differs. Thus, this result is
true only for inclusive quantities [17].
Defining F
(1)
{n,ν} as
F (1)(x1, x2, Y˜ , b) =
+∞∑
n=−∞
∫ +∞
−∞
dν
2π
F
(1)
{n,ν}(x1, x2, b) exp
(
2αsNc
π
χ(n, ν)Y˜
)
, (2.57)
and using Eqs. (2.19) and (2.31), equation (2.54) can be rewritten as
F
(1)
{n,ν}(x1, x2, b) = −
πα2sx
2
2
8
1 + (−1)n(
ν2 +
(
n−1
2
)2)(
ν2 +
(
n+1
2
)2) n{n,ν}(x1, x2, b). (2.58)
In the asymptotic regime where one can keep only the term corresponding to n = 0, this
relation simplifies to
F
(1)
{0,ν}(x1, x2, b) = −
πα2sx
2
2
4
1(
ν2 + 1
4
)2 n{0,ν}(x1, x2, b). (2.59)
Computing F (1)(x1, x2, Y˜ , b) by a saddle point method as we did for n(x1, x2, Y˜ , b) (see Eq.
(2.43)), one has to expand the prefactor around ν = 0, which yields
F (1)(x1, x2, Y˜ , b) ≃ −4πα2sx22 n(x1, x2, Y˜ , b)
≃ −πα2s
x1 x2
b2
ln(16 b2/x1x2)(
7
2
αsNcζ(3)Y˜
)3/2 exp
{
4αsNc
π
ln 2 Y˜
}
exp
{
− ln
2(16 b2/x1x2)
14αsNc
π
ζ(3)Y˜
}
(2.60)
in the domain
2αsNc
π
7ζ(3)Y˜ ≪ ln 16b
2
x1x2
≪ 1. (2.61)
This result, which differs from Eq. (10) of Ref. [16] by a factor 16, is in aggreement with
numerical simulations [35].
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2.3 Calculation of the onium-onium total cross-section
In this subsection we compute the onium-onium total cross-section. It is related to the onium-
onium cross-section at fixed impact parameter by
F
(1)
tot (x1, x2, Y˜ ) =
∫
d2b F (1)(x1, x2, Y˜ , b). (2.62)
We show that, provided the elementary dipole-dipole cross section is integrated over distances
but not averaged over angles, one can get the onium-onium total cross-section by a simple
direct calculation.
Combining formulae (2.7) and (2.62), one obtains
F
(1)
tot (x1, x2, Y˜ ) = −12
∫ d2x′1
2πx′1
2
d2x′2
2πx′2
2d
2b1 d
2b2 d
2(b′2 − b′1)
×n(x1, x′1, b1, Y˜1)n(x2, x′2, b2, Y˜2) σDD(x′1, x′2, b′1 − b′2)
= −1
2
∫
d2x′1
2πx′1
2
d2x′2
2πx′2
2 n(x1, x
′
1, Y˜1)n(x2, x
′
2, Y˜2)
∫
d2(b′2 − b′1) σDD(x′1, x′2, b′1 − b′2),
(2.63)
where n(xi, x
′
i, Y˜i) is the integrated density of dipoles
n(x, x′, Y˜ ) =
∫
d2b n(x, x′, Y˜ , b). (2.64)
Thus, since b and q are Fourier conjugated,
n(x, x′, Y˜ ) =
+∞∑
n=−∞
∫
dν
2π
lim
q→0
En,ν∗q (x)E
n,ν
q (x
′)
|x|
|x′| exp
(
2αNc
π
χ(n, ν)Y˜
)
=
+∞∑
n=−∞
∫ dν
2π
|x|
|x′|
(
x∗x′
xx′∗
)n/2 ∣∣∣∣∣x
′
x
∣∣∣∣∣
−2iν
exp
(
2αNc
π
χ(n, ν)Y˜
)
(2.65)
where we have used Eq. (2.23) and the expansion (A.32) of En,νq for q → 0. The integration
of σDD(x
′
1, x
′
2, b
′
1 − b′2) with respect to the distance b′2 − b′1 is performed in appendix A.2 and is
given by formula (A.33), which still depends on the orientation of the elementary dipoles. One
now gets for F
(1)
tot
F
(1)
tot (x1, x2, Y˜ ) = −12
+∞∑
n=−∞
∫ +∞
−∞
dν
+∞∑
n1=−∞
∫ +∞
−∞
dν1
2π
+∞∑
n2=−∞
∫ +∞
−∞
dν2
2π
∫
d2x′1
2πx′1
2
d2x′2
2πx′2
2
× x1
x′1
(
x∗1x
′
1
x1x
′
1
∗
)n1/2 ∣∣∣∣∣x
′
1
x1
∣∣∣∣∣
−2iν1 x2
x′2
(
x∗2x
′
2
x2x
′
2
∗
)n2/2 ∣∣∣∣∣x
′
2
x2
∣∣∣∣∣
−2iν2
exp
(
2αNc
π
(χ(n1, ν1)Y˜1 + χ(n2, ν2)Y˜2)
)
×α2s
x′1x
′
2
4
1 + (−1)n(
ν2 +
(
n−1
2
)2)(
ν2 +
(
n−1
2
)2)
(
x′1x
′
2
∗
x′1
∗x′2
)−n/2 ∣∣∣∣∣x
′
1
x′2
∣∣∣∣∣
2iν
. (2.66)
Integrating with respect to x′1 and x
′
2 leads to a lot of δ distributions since
1
2π
∫
dx′1 dx
′
1
∗
2x′1x
′
1
∗ x
′
1
n1−n
2
−i(ν1−ν) x′1
∗−
n1−n
2
−i(ν1−ν) = π δn1,n δ(ν1 − ν) (2.67)
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and a similar integral over x′2. Defining F
(1)
tot{n,ν}(x1, x2) and n{n,ν}(x1, x2) via
F
(1)
tot{n,ν}(x1, x2) =
+∞∑
n=−∞
∫ +∞
−∞
dν
2π
F
(1)
tot{n,ν}(x1, x2) exp
(
2αsNc
π
χ(n, ν)Y˜
)
(2.68)
and
n{n,ν}(x1, x2) =
+∞∑
n=−∞
∫ +∞
−∞
dν
2π
n{n,ν}(x1, x2) exp
(
2αsNc
π
χ(n, ν)Y˜
)
, (2.69)
this finally yields
F
(1)
tot{n,ν}(x1, x2) = −
π α2s
4
1 + (−1)n(
ν2 +
(
n−1
2
)2)(
ν2 +
(
n+1
2
)2)
(
x∗1x2
x1x2∗
)n/2
|x1|1+2iν |x2|1−2iν
= −πα
2
s x
2
2
8
1 + (−1)n(
ν2 +
(
n−1
2
)2)(
ν2 +
(
n+1
2
)2)n{n,ν}(x1, x2) (2.70)
Comparison with Eq. (2.58) provides a check of this calculation when integrating both sides
with respect to b. In the asymptotic regime, corresponding to n = 0,
F
(1)
{0,ν}(x1, x2) = −
πα2sx
2
2
4
1(
ν2 + 1
4
)2 n{0,ν}(x1, x2), (2.71)
which could be obtained from Eq. (2.59). Using Eq. (2.65), the corresponding asymptotic
integrated dipole distribution reads
n(x1, x2, Y˜ ) =
∫
dν
2π
x1
x2
(
x1
x2
)−2iν
exp
(
2αNc
π
χ(n, ν)Y˜
)
, (2.72)
which gives, in the saddle point approximation at large Y˜ ,
n(x1, x2, Y˜ ) =
1
2
x1
x2
exp
{
4αsNc
π
ln 2 Y˜
}
√
7
2
αsNcζ(3)Y˜
exp
{
− ln
2(x1/x2)
14αsNc
π
ζ(3)Y˜
}
. (2.73)
Thus, one gets for the total cross-section
F (1)(x1, x2, Y˜ ) ≃ −4πα2sx22 n(x1, x2, Y˜ )
≃ −2π α2s x1 x2
exp
{
4αsNc
π
ln 2 Y˜
}
√
7
2
αsNcζ(3)Y˜
exp
{
− ln
2(x1/x2)
14αsNc
π
ζ(3)Y˜
}
, (2.74)
in agreement with formula (26) of Ref. [15].
Let us integrate the scattering amplitude F (1)(b) with respect to the impact parameter b
in the domain (2.61) where formula (2.60) is valid (neglecting the fact that the upper bound is
not infinite). The corresponding integration then gives
F (1)(x1, x2, Y˜ ) ≃ −2π α2s x1 x2
exp
{
4αsNc
π
ln 2 Y˜
}
√
7
2
αsNcζ(3)Y˜
exp
{
− ln
2(x1/x2)
14αsNc
π
ζ(3)Y˜
}
, (2.75)
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which is identical to Eq. (2.74). From the gaussian distribution obtained in Eq. (2.75), it
is clear, comparing with Eq. (2.60), that the total cross section at BFKL order is dominated
by impact parameter configuration much larger than the transverse sizes of the two scattering
onia, corresponding to
ln
(
16b2
x1x2
)
∼
√
14αsNc
π
ζ(3)Y˜ . (2.76)
Note that this dominant contribution is inside the domain (2.61). These dominant configura-
tions are much more central than what was claimed in Ref. [16]. It confirms previous numerical
simulations [27]. Thus, the calculation, based on perturbative QCD, is expected to remain valid
for high values of Y˜ .
3 Electron-Onium Deep Inelastic Scattering
In this section, we perform an analysis of e±−onium deep inelastic scattering at low xbj , based
on kT -factorization and dipole color model, as illustrated in figure 2. Our aim is to compute

Onium
e
 

Figure 2: kT -factorization and dipole model applied to e
± − onium deep inelastic scattering.
various structure functions in the small xbj regime, where the onium wave function is dominated
by a color dipole cascade.
In the Regge limit, one can apply the kT -factorization tool [20, 21, 22] in order to extract a
photon of virtuality Q2 off an onium. It involves the elementary Born cross-section σˆγg/Q
2 of
14
the process γ g(k)→ q q¯. Here the gluon is off-shell, quasi transverse, with a virtuality k2 ≃ k2.
One also has to introduce the unintegrated gluon distribution density at a factorization scale
Q20, which is related to the usual gluon distribution by
G(xbj , Q
2, Q20) =
∫ Q2
0
d2kF(xbj , k, Q20). (3.77)
We first deal with a dipole of transverse size x01, which can be either part of a heavy onium (i.e.
a heavy qq¯ pair) or extracted from a proton as will be emphazied later. The kT -factorization
implies, for the total γ∗ − dipole cross- section σdγ∗ ,
Q2σdγ∗(xbj , Q
2; x201) =
∫
d2k
∫ 1
0
dz
z
σˆγg(xbj/z, k
2/Q2)F(z, k; x201), (3.78)
F(z, k; x201) being the Fourier transform of F(z, k;Q20) in transverse space. We next evaluate
F by coupling the gluon to the softest dipole which arises in the cascade. This is achieved by
using a second kT -factorization. It involves the elementary Born cross-section σˆgd/k
2 of the
process d(x) g(k) → d(x) for a dipole of transverse size x and a soft gluon of virtuality k2.
This kT -factorization can be expressed by
k2F(z, k; x201) =
∫
d2x
(2π)2x2
∫ z1
z
dz′
z′
n(x01, x, ln
z1
z′
) σˆgd(z/z
′, x2k2) δ(z/z′ − 1), (3.79)
where the distribution density n(x01, x, z) was defined in section 2. As previously z1p+ is the
light-cone momentum of the quark part of the dipole (x01). σˆgd is computed in appendix A.3
using eikonal techniques. Defining Y˜ = ln z1/z, one gets for the dipole-photon cross-section
Q2σdγ∗(xbj , Q
2; x201) =
∫
d2k
∫ 1
0
dz
z
σˆγg(xbj/z,
k2
Q2
)
∫
d2x
x2
n(x01, x, Y˜ )
×4 π αs Nc
(2π)4
(2− eik.x − e−ik.x) 1
k2
. (3.80)
Let us now compute the convolutions in longitudinal and transverse spaces. As in section 2,
we introduce a double Mellin-transform in these both variables, namely
n(x01, x, Y˜ ) =
∫
dω
2iπ
eωY˜ nω(x01, x) (3.81)
and
nω(x01, x) =
∫
dγ
2iπ
(
x01
x
)2γ
nω(γ). (3.82)
Here the Mellin variable in transverse space is γ = 1
2
+ iν, which is introduced here rather than
ν since it plays the role of an anomalous dimension. We consider only the dominant Regge
trajectory, that is n = 0. Formula (2.17) then reads
nω(γ) =
2
ω − 2αsNc
π
χ(γ)
(3.83)
where
χ(γ) = χ
(
0,
1
2
+ iν
)
= Ψ(1)− 1
2
Ψ(γ)− 1
2
Ψ(1− γ) (3.84)
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The quantity σˆγg has been calculated for different polarizations of the incoming photon in [20].
We introduce the corresponding double Mellin transform of this cross-section, namely
4π2αe.mhω(γ) = γ
∫ ∞
0
dk2
k2
(
k2
Q2
)γ
σˆω
(
k2
Q2
)
(3.85)
or equivalently
σˆω
(
l2
Q2
)
= 4π2αe.m
∫
dγ
2iπ
(
l2
Q2
)−γ
1
γ
hω(γ), (3.86)
with
σˆω
(
k2
Q2
)
=
∫ 1
0
dz zω−1 σˆ
(
z,
k2
Q2
)
. (3.87)
The expression for σdγ∗ now reads, after performing the convolution in longitudinal space,
Q2σdγ∗(xbj , Q
2; x201) = 4π
2αe.m
αsNc
4π3
∫
d2k
∫
dγ′
2iπ
∫
dγ
2iπ
∫
dω
2iπ
exp
(
ω ln
z1
xbj
)(
x01
x
)2γ
× 2
ω − 2αsNc
π
χ(γ)
hω(γ
′)
γ′
∫
d2x
x2
(
k2
Q2
)−γ′
(2− eik.x − e−ik.x) 1
k2
. (3.88)
The integration with respect to the polar angle of x leads to a Bessel function. One has then
to integrate over x, namely
∫
dx
x
4π(1− J0(kx))
(
x
x01
)−2γ
= 4π(kx01)
2γ 2
−1−2γ
γ
Γ(1− γ)
Γ(1 + γ)
≡ 4π(kx01)2γv(γ). (3.89)
The integration over k gives γ = γ′. Since nω(γ) (formula (3.83)) exhibits a pole at ωp =
αsNc
π
χ(γ), the ω integral finally yields
Q2
4π2αe.m
σdγ∗(xbj , Q
2; x201) =
2αsNc
π
∫
dγ
2iπ
hωp(γ)
v(γ)
γ
(x201Q
2)γ exp
(
2αsNc
π
χ(γ) ln
z1
xbj
)
. (3.90)
In the regime we are interested in, ωp ≪ γ and the dependence of hωp(γ) on ωp can be neglected,
replacing ωp by 0 [20]. We then get for the total cross-section γ
∗−dipole(x01) and for the related
structure function (we assume R = FL/FT to be small in the relation between the total cross-
section and the structure function)
Q2
4π2αe.m
σdγ∗(xbj , Q
2; x201) = F
d
γ (xbj , Q
2; x201) =
2αsNc
π
∫ dγ
2iπ
(Q2x201)
γh(γ)
v(γ)
γ
e
αsNc
pi
χ(γ) ln 1
xbj .
(3.91)
The dipole (x01) being part of a bound state, for example extracted from an onium, one has
now to average with respect to the coresponding wave function, Φ(0)(x01, z1). The initial dipole
state is supposed to be well localized in transverse space. Namelly, its transverse size, given by
the scale M2 which is defined via
(M2)−γ =
∫
d2x01(x
2
01)
γ dz1Φ
(0)(x01, z1), (3.92)
is assumed to be perturbative. One then obtains for the onium structure function
FOnium(xbj , Q
2;M2) = 2
αsNc
π
∫
dγ
2iπ
h(γ)
v(γ)
γ
(
Q2
M2
)γ
exp
(
2αsNc
π
χ(γ) ln
1
xbj
)
. (3.93)
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It is then possible to apply formula (3.93) to peculiar structure functions, namely

 FTFL
FG

 = 2αsNc
π
∫
dγ
2iπ
(
Q2
M2
)γ
exp
(
2αsNc
π
χ(γ) ln
1
xbj
) hThL
1

 v(γ)
γ
(3.94)
where FT (L) is the structure function corresponding to transverse (longitudinal) photons and
FG the gluon structure function. The coefficient functions(
hT
hL
)
=
αs
3πγ
(Γ(1− γ)Γ(1 + γ))3
Γ(2− 2γ)Γ(2 + 2γ)
1
1− 2
3
γ
(
(1 + γ)(1− γ
2
)
γ(1− γ)
)
(3.95)
were computed in ref [20]. When xbj is small, the γ−integration can be performed by the
steepest-descent method. The corresponding asymptotic saddle point is located at γ = 1
2
,
which defines the BFKL anomalous dimension. Expanding the χ function around 1
2
, we obtain
a saddle point at
γs =
1
2
(
1− a ln Q
Q0
)
, where a =
(
α¯Nc
π
7ζ(3) ln
1
xbj
)−1
. (3.96)
The approximation of expanding χ(γ) around 1
2
is valid when
a ln
(
Q
M
)
≃ ln Q
M
/ ln
1
xbj
≪ 1, (3.97)
that is the small xbj , moderate Q/M kinematical domain. This yields
F2 ≡ FT + FL = Ca1/2 Q
M
exp
(
(αP − 1) ln 1
xbj
− a
2
ln2
Q
Q0
)
, (3.98)
where αP is defined by Eq. (1.2). Thus, F2 depends only on 3 parameters, C, M and αP .
Suppose we can fit F2 with this form. Then, get a prediction for FG and R = FL/FT without
any free parameter. Namely,
FG
F2
=
1
hT + hL
∣∣∣∣
γ=γs
≡ 3πγs
αs
1− 2
3
γs
1 + 3
2
γs − 32γ2s
Γ(2− 2γs)Γ(2 + 2γs)
(Γ(1− γs)Γ(1 + γs))3 (3.99)
and
R =
hL
hT
(γs) =
γs(1− γs)
(1 + γs)(1− γs2 )
, (3.100)
where γs is given by the expression (3.96). Note that the overall non-perturbative normalization
C does not enter R and FG/F2. It is possible to apply this analysis to the proton [24]. This
requires some additional asumptions when considering the coupling of the dipole cascade to the
proton. It leads to a successful description of the HERA data [1]. It also provides a prediction
for the gluon density based on the BFKL dynamics, and a prediction for the ratio R, using
formulas (3.99) and (3.100). All the previous annalysis was done by performing an expansion
around the small xbj behaviour of the BFKL Pomeron, that is by considering ln 1/xbj as a big
parameter, which leads to a saddle point close to γ = 1
2
(see Eq. (3.96)). A different analysis
of the modification, due to the BFKL dynamics, of the anomalous dimension of the double
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logarithmic approximation common to DGLAP and BFKL can be done by considering now
lnQ2/M2 as a big parameter. The corresponding saddle point of Eq. (3.94) is now around
γ = 0. In Mellin space, the double logarithmic expression of the anomalous dimension is given
by γω(αs) = 3αs/(πω), and expansion of the χ function (3.84) around γ = 0 leads to corrections
given by powers of 3αs/(πω). This method provides an extension of the domain of applicability
(3.97) [36].
As it has been seen in this section, the dipole model can be safely applied when the
two scales of the process are both perturbative, as it is the case for e± − onium scattering.
The application to e±− p scattering requires some assumptions for the coupling to the proton.
Because of the well-known diffusion in transverse momentum space, such an application of the
dipole model, although successful [23, 24, 25], cannot be considered as a clean test of high-
energy perturbative regge dynamics. A possible test of such dynamics could be based on single
jets events in DIS [37] or double jets events in hadron-hadron collision [38]. Another interesting
test of BFKL dynamics would be the γ∗ − γ∗ events in e+ − e− colliders at high energy in
the center of mass of the virtual photon pair and with high (perturbative) photons virtualities.
This has been already proposed in the framework of the original BFKL equation [39]. Such a
process can equivalently be described in the dipole picture of BFKL dynamics. This will be
developped elsewhere [40].
4 Conclusion
In this article we have shown the exact equivalence between BFKL and dipole approaches
for the onium-onium cross-section at fixed impact parameter. This proof relies on conformal
properties of the dipole cascade and of the elementary dipole-dipole cross section. We have also
obtained asymptotic expressions for the dipole distribution inside an onium and for the onium-
onium cross-section at fixed impact parameter. These results agrees with previous numerical
simulations. We also apply the dipole model to onium-e± deep inelastic scattering, using the kT -
factorization, and obtain predictions for various structure functions in the BFKL dynamics. The
different elementary cross-sections used in this paper are computed using eikonal techniques.
Relying on the same conformal properties, it should be possible to get analytical ex-
pressions for the multipomeronic contributions to the onium-onium cross-section, which are
expected to be important for large rapidities.
From a phenomenological point of vue, the dipole framework could be applied to other
inclusive processes. The application of this technique for exclusive quantities remains however
an open question, due to the use of light-cone quantization, in which the intermediate states
are unphysical.
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A Appendices
A.1 Calculation of σDD using eikonal methods
In this appendix we compute the dipole-dipole cross-section using eikonal techniques. In QCD,
the eikonal current due to a fast quark of momentum p, responsible for the emission of a soft
gluon of momentum k (k ≪ p) and color a reads
jν(k) = −igT a p
ν
p.k + iǫ
. (A.1)
Let us consider the scattering of two dipoles. Let x0 (x1) be the transverse coordinate of
the free quark (antiquark) making the right moving dipole and x′0 (x
′
1) the coordinates of the
corresponding quark (antiquark) making the left moving dipole. In this mixed representation
where the fast radiating particule is represented in impact parameter space, and the radiated
gluon is represented in momentum space, the eikonal current corresponding to a quark of
transverse coordinate x then reads
jaν(k) = −igT a η¯
ν
η¯.k + iǫ
e−ix.k, (A.2)
where η¯ = (
+
1,
−
0,
⊥
0). This current is responsible for a term −ijaν(k)ǫν when computing the
amplitude of emission of a gluon by the quark. This terms arises when evaluating the evolution
operator T exp−i ∫ d4xjaν(x)Aaν(x) due to the usual hamiltonian ∫ d3x jaν(x)Aaν(x). Note that
this current is completely described by the transverse size of the dipole and does not require
any additional information about its internal structure.
The eikonal current corresponding to the right moving dipole then reads
jaν(k) = −igT a η¯
ν
η¯.k + iǫ
(e−ix0.k − e−ix1.k), (A.3)
and a corresponding formula for the left moving dipole, replacing η¯ by η = (
+
0,
−
1,
⊥
0).
Let us now compute the graph A1 represented in figure 3. It reads, in Feynman covariant gauge,

p
p'
1'
0
kk
0'
1
Figure 3: Contribution to the dipole-dipole scattering.
A1 =
1
N2c
∑
ab
1
2p+
1
2p′−
∫
d4k
(2π)4
{
2(−p.k)
i
(−ijb+(−k))
}{
2(p′.k)
i
(−ijb−(k))
}
× (−ijb+(k))(−ijb−(−k))(−i)
2
(k2)2
. (A.4)
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The terms 1
2p+
1
2p−
are related to the normalisation of the initial dipole states and 2(−p.k)
i
and
2(p′.k)
i
are due to the fact that the considered amplitude is computed for amputed propagators.
The color factor reads
1
N2c
∑
ab
Tr T aT bTr T aT b =
N2c − 1
4N2c
, (A.5)
which equals 1
4
in the large Nc limit.
Using the expression (A.3), this yields
A1 =
g4
4
∫ d4l
(2π)4
1
(k2)2
1
k− + iǫ
1
k+ − iǫ
× (eix0.k − eix1.k) (e−ix0.k − e−ix1.k) (e−ix′0.k − e−ix′1.k) (eix′0.k − eix′1.k). (A.6)
One has also to consider the crossed diagram A2. In order to integrate with respect to k
− and
k+ we consider two equivalent representations of A1 and A2, obtained by changing the sign of
k (see figure 4. Forgetting the phase factor for a moment, the forward amplitude A then reads

kk
A1

k k
A1

k k
A2

kk
A2
Figure 4: Contributions to the elementary dipole-dipole scattering.
A = A1 + A2 =
g4
4
∫
d2k
(2π)2
dk−
2π
dk+
2π
1
(k2)2
1
2
(
1
k− + iǫ
+
1
−k− + iǫ
) (
1
k+ + iǫ
+
1
−k+ + iǫ
)
.
(A.7)
The two last terms reads (−2πiδ(k−))(−2πiδ(k+)), which finally yield, performing the integra-
tion with respect to k− and k+
A = −α
2
s
2
∫
d2k
(k2)2
(
2− eik.x01 − e−ik.x01
)(
2− eik.x′01 − e−ik.x′01
)
, (A.8)
which was obtained in Ref. [15] by computing elementary Feynman diagrams. If we neglect the
dependence of Φ(x01, z) and n(x01, x, Y ) with respect to the dipoles orientation (see appendix
A.5), it is possible to average with respect to the angle of these dipoles. A then reads
A = −4πα2s
∫ ∞
0
dk
k3
[1− J0(kx01)] [1− J0(kx′01)] (A.9)
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Using the identity
∫ ∞
0
dk
k3
[1− J0(kx01)] [1− J0(kx′01)] =
1
4
x2<
[
1 + ln
x>
x<
]
, (A.10)
where x< = Min(x01, x
′
01) and x> = Max(x01, x
′
01), this finally yields for the corresponding
cross-section
σDD(x01, x
′
01) = −2A = 2πα2sx2<
[
1 + ln
x>
x<
]
. (A.11)
This average result is however sufficient when computing the total cross-section (see appendix
A.5).
Another representation of this elementary cross-section is very useful. Consider
I =
α2s
2
∫ +∞
−∞
dν
(ν2 + 1
4
)2
x1+2iν1 x
1−2iν
2 . (A.12)
When x1 > x2 (x1 < x2) one can close the integration contour around +i∞ (−i∞) , so that
one pick up the (simple) pole at ν = i/2 (ν = −i/2) . Thus,
I =
α2s
2
2iπ
d
dν
e
2iν ln
x>
x<(
ν ± i
2
)2
∣∣∣∣∣∣∣
ν=± i
2
x>x<, (A.13)
where x< = Min(x1, x2) et x> =Max(x1, x2). This finally yields the expected result:
σDD(x
′
1, x
′
2) =
α2s
2
∫ +∞
−∞
dν
(ν2 + 1
4
)2
(x′1)
1+2iν(x′2)
1−2iν . (A.14)
Note that this can be written equivalently as (see the following section)
σDD(x
′
1, x
′
2) =
α2s x
′
1 x
′
2
4
∫ +∞
−∞
dν
(ν2 + 1
4
)2
lim
q→0
[
E0ν∗q (x
′
1)E
0ν
q (x
′
2)
]
. (A.15)
A.2 Calculation of σDD(x, x
′, b− b′)
In this appendix we compute the elementary dipole-dipole cross-section at fixed impact para-
meter. As in the appendix A.1, we consider two dipoles of transverse sizes x = x0 − x1 and
x′ = x′1 − x′0, whose centers are situated at b = x0+x12 and b′ =
x′
0
+x′
1
2
.
Let us compute the non-forward scattering amplitude of these two dipoles. In the high-
energy limit −t << s = 2p.p′, the exchanged momentum is quasi-transverse
q ≃ (+0, −0, ⊥q). (A.16)
The graphs to be computed are displayed in figure 5. These graphs are computed using the
rules of appendix A.1. Since q− = q+ = 0, the expression for the corresponding amplitude is
similar to the one obtained in equation (A.8), except for phase factors. It reads
A = −α
2
s
2
∫ d2q
(2π)2
∫
d2k
k2(k + q)2
(
eix0.k − eix1.k
)(
e−ix0.(k + q) − e−ix1.(k + q)
)
×
(
e−ix
′
0.k − e−ix′1.k
)(
eix
′
0.(k + q) − eix
′
1.(k + q)
)
. (A.17)
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k+q
k
A1

k+q
k
A1

k+q k
A2

k+qk
A2
Figure 5: Contributions to the elementary dipole-dipole scattering with non zero exchanged
momentum.
Note that this expression is overall translationally invariant. However, it will depend on the rel-
ative distance between the two dipoles and on their angles. Expanding the previous expression
and integrating with respect to the angles of k and k + q, one obtains several Bessel functions
A = −α
2
s
2
{I(|x0 − x0′ |)− I(|x0 − x1′ |)− I(|x1 − x0′ |) + I(|x1 − x1′ |}2 , (A.18)
where
I(x) =
∫ +∞
ρ
dk
k
J0(kx). (A.19)
ρ is an infrared cut-off which regularize the divergency at k = 0. In the limit ρ → 0, I can be
computed (see Ref. [14])
I = lim
λ→0
[∫ +∞
0
dk
k1−λ
J0(kx)−
∫ ρ
0
dk
k1−λ
J0(kx)
]
= ψ(1) + ln 2− ln x− ln ρ. (A.20)
When evaluating A, the constant ψ(1) + ln 2 and the infrared divergent term ln ρ cancels. A
then reads
A = −α
2
s
2
{
ln
|x0 − x0′ ||x1 − x1′ |
|x0 − x1′ ||x1 − x0′ |
}2
(A.21)
Defining
b =
x0 + x1
2
and b′ =
x0′ + x1′
2
, (A.22)
the non-forward cross-section finally reads
σDD(x, x
′, b− b′) = −2A = α2s

ln |b
′ − b+ x+x′
2
||b− b′ + x+x′
2
|
|b′ − b+ x−x′
2
||b− b′ + x−x′
2
|


2
, (A.23)
as quoted in Ref. [27]. Note that it only depends on the relative distance b − b′ because
of the overall translational invariance. This expression can also be obtained by evaluating
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this scattering amplitude in the laboratory frame of one of the two onia. In this frame, this
amplitude is expressed as an eikonal phase (computed in terms of a Wilson-loop), due to the
change of the wave function of the slow moving onium in the color field of the fast moving onium
[26]. Let us now show that this cross-section can be expanded on the basis of the functions
En,ν . In the standard Regge calculation, instead of considering the scattering of two dipoles,
one considers the scattering of two gluons of momenta −k and k + q (see figure A.24). In the

k
0
(x
0
0
)
k + q (x
1
)k (x
0
)
k
0
+ q (x
1
0
)
Figure 6: Gluon-Gluon diffusion in the Regge framework.
lowest order approximation, the contribution of this graph is
Agg =
δ2(k − k′)
k2(k + q)2
, (A.24)
which gives, after Fourier transform in impact parameter space [41]
a(x0, x1, x0′ , x1′) = (2π)
2 ln(|x00′ |λ) ln(|x11′ |λ), (A.25)
where λ is the mass of the gluon introduced in order to remove the infrared divergency. Since
one is interested in the coupling with color neutral states, this expression can equivalently be
replaced by
a(x0, x1, x0′ , x1′) = 2π
2 ln
∣∣∣∣∣x00′x11′x01′x0′1
∣∣∣∣∣ ln
∣∣∣∣∣x00′x11′x01x0′1′
∣∣∣∣∣ (A.26)
because of the conservation of color current [41]. In the case of the dipole model, instead of
labeling the gluons, one labels the dipoles. Thus, the contributions of the figure 5 should be
equal to the contribution of figure 6 plus permutations (x0 ↔ x1) and (x0′ ↔ x1′) (except for
normalisation factors). Indeed, one can check that
σDD(x, x
′, b− b′) = αs
(2π)2
[a(x0, x1, x0′, x1′) + (x0 ↔ x1) + (x0′ ↔ x1′) + (x0 ↔ x1, x0′ ↔ x1′)]
= 2αs[a(x0, x1, x0′ , x1′) + (x0 ↔ x1)]. (A.27)
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Using the expression (26) of Ref. [29] in the Born approximation, that is making g = 0, one
finally obtains
σDD(x, x
′, b− b′) = 2α
2
s
(2π)2
+∞∑
n=−∞
∫ +∞
−∞
dν
∫
d2w
(
ν2 +
n2
4
)
1 + (−1)n(
ν2 +
(
n−1
2
)2)(
ν2 +
(
n+1
2
)2)
×En,ν∗
(
b+
x
2
− w, b− x
2
− w
)
En,ν
(
b′ +
x′
2
− w, b′ − x
′
2
− w
)
, (A.28)
since
En,ν(xb0, xa0) = (−1)nEn,ν(xa0, xb0). (A.29)
One can check on this expression that when integrating over b′ − b and averaging over
angles, one recovers the total cross-section (A.14). Indeed, using the mixed representation
(2.21), one obtains
σDD(x, x
′, b− b′) = 2α2s
∫ d2q
(2π)2
e−iq.(b
′ − b) xx′
16
+∞∑
n=−∞
∫ +∞
−∞
dν
1 + (−1)n(
ν2 +
(
n−1
2
)2)(
ν2 +
(
n+1
2
)2)
×En,ν∗q (x′)En,νq (x). (A.30)
Thus,
σDD(x, x
′) =
∫
d2(b′ − b) σDD(x, x′, b− b′)
= 2α2s
xx′
16
+∞∑
n=−∞
∫ +∞
−∞
dν
1 + (−1)n(
ν2 +
(
n−1
2
)2)(
ν2 +
(
n−1
2
)2) limq→0
[
En,ν∗q (x
′)En,νq (x)
]
. (A.31)
Using the expansion (A.1) of Ref. [29], one obtains
En,ν∗q (x
′)En,νq (x)
∣∣∣
q≪1/x,1/x′
=
(
xx
′∗
x∗x′
)n/2 ∣∣∣∣ xx′
∣∣∣∣−2iν
[
1 +
(
qx∗
q∗x
)n
|qx|4iνeiδ(n,ν)
] [
1 +
(
q∗x′
qx′∗
)n
|qx′|−4iνe−iδ(n,ν)
]
=
(
xx
′∗
x∗x′
)n/2 ∣∣∣∣ xx′
∣∣∣∣−2iν
[
1 +
(
x′x∗
xx′∗
)n ∣∣∣∣ xx′
∣∣∣∣4iν +
(
qx∗
q∗x
)n
|qx|4iνeiδ(n,ν) +
(
q∗x′
qx′∗
)n
|qx′|−4iνe−iδ(n,ν)
]
(A.32)
where eiδ(n,ν) is a phase given by Eq. (A.2) of Ref. [29]. When q → 0, only the two first
terms remain. Due to the symetry of 1+(−1)
n(
ν2+(n−12 )
2
)(
ν2+(n−12 )
2
) when ν → −ν or n → −n, the
contribution of these two terms is the same when summing over n and integrating over ν. Thus,
σDD(x, x
′) = 4α2s
|x||x′|
16
+∞∑
n=−∞
∫ +∞
−∞
dν
1 + (−1)n(
ν2 +
(
n−1
2
)2)(
ν2 +
(
n+1
2
)2)
(
xx
′∗
x∗x′
)n/2 ∣∣∣∣ xx′
∣∣∣∣−2iν .
(A.33)
Averaging over the angles, the only remaining term is n = 0. Thus,
σDD(x, x
′) =
α2s
2
∫ +∞
−∞
dν |x|1+2iν |x′|1−2iν 1(
ν2 + 1
4
)2 , (A.34)
which is identical to Eq. (A.13).
24
A.3 Calculation of σˆgd using eikonal methods
In this section we compute the elementary Born cross-section σˆγd/k
2 of the process
d(x) g(k)→ d(x) (A.35)
for a dipole of transverse size x and a soft gluon of virtuality k2, in light-cone gauge. This process
is illustrated in figure 7. Consider a dipole of transverse size x = xa − xb. The corresponding

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b
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Figure 7: Amplitudes contributing to the elementary dipole-gluon cross-section.
eikonal current has the same expression than in covariant gauge (A.3). This would not be the
case for a more complicate system for which the current would be rotated in color space (see for
example Ref.[42]). In light-cone perturbation theory, k2 = 2k+k− − k2 = 0. The corresponding
current then reads
ja+(k) = −igT a2k
+
k2
(
e−ixa.k − e−ixb.k
)
. (A.36)
The Born cross-section then reads, summing over color and polarization of the emitted gluon
and averaging over the color of the dipole,
σˆgd
k2
=
1
2(2π)2Nc
Tr|j+ǫ−λ|2
=
1
2(2π)2Nc
∑
λ=1,2
∑
a
g2 Tr(T aT a)
(
e−ik.xa − e−ik.xb
)(
(eik.xa − eik.xb
)
4
(
k.ǫλ
k2
)2
.(A.37)
Here one takes into account the fact that the dominant polarization of the soft emitted gluon
in light-cone gauge corresponds to
ǫµ
λ = (
+
0,
−
k.ǫλ
k+
,
⊥
ǫ
λ
) ∼ (+0,
−
k.ǫλ
k+
,
⊥
0) (A.38)
in the soft limit. This finally yields
σˆgd
k2
=
g2CF
2(2π)2
(
2− eik.x − e−ik.x
)
4
k2
=
αsNc
π
(
2− eik.x − e−ik.x
)
1
k2
. (A.39)
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Let us make two comments. First, the dominant polarization of the exchanged gluon is lon-
gitudinal, due to the expression (A.38). However, the polarization tensor in light-cone gauge
reads
dµν = gµν − η
µkν + ηνkµ
η.k
. (A.40)
In the Regge limit, since jν is proportionnal to η¯, the relevant component of this tensor is d
µ−,
and since ǫ+ = 0 in light cone gauge, it turns out that ǫµd
µ− = ǫidi−, and thus the exchanged
gluon has a physical polarization, as it is expected in high-energy factorization.
Secondly, when integrating this cross-section over k, one can recover the dipole emission kernel
which was constructed in Ref. [14].
A.4 Calculation of the onium-onium cross section in the laboratory
frame of one onium
In this appendix we illustrate the frame invariance of the onium-onium cross section by an
explicit calculation in the laboratory frame where the left-moving heavy quark-antiquark pair
is close to be at rest. Let us first consider as in section 2.2 the scattering of two heavy quark-
antiquark pairs of transverse sizes x1 and x2 which scatter through the exchange of a pair of
gluons between two elementary excited dipoles of transverse sizes x′1 and x
′
1. The corresponding
expression for the scattering amplitude F (1) is displayed in formula (2.47). Using the same trick
which led us to formula (2.50), we integrate over d2bintd
2x′1 and d
2w2, which yields
F (1)(x1, x2, Y˜ , b) = −2
α2s(16)
2
(2π)6
π4
2
+∞∑
n1=−∞
+∞∑
n=−∞
∫ +∞
−∞
dν1
(2π)3
∫ +∞
−∞
dν
∫
d2w1
x′1
2
×
∫
d2w
∫
d2x′1
2πx′1
2
∫
d2b1
(
ν21 +
n21
4
)
×
(
ν2 +
n2
4
)
1 + (−1)n(
ν2 +
(
n−1
2
)2)(
ν2 +
(
n+1
2
)2) exp
(
2αsNc
π
(χ(n1, ν1)Y˜1 + χ(n, ν)Y˜2)
)
×En1,ν1
(
b1 +
x′1
2
− w1, b1 −
x′1
2
− w1
)
En1,ν1∗
(
x1
2
− w1,−
x1
2
− w1
)
×En,ν∗
(
b1 +
x′1
2
− w, b1 −
x′1
2
− w
)
En,ν
(
x2
2
− w + b, −x2
2
− w + b
)
(A.41)
Integrating over d2x′1d
2b1 and d
2w would give the result (2.54). It would show in particular
that in the previous formula n1 can be replaced by n and ν1 by ν. Since Y˜ = Y˜1 + Y˜2, the
previous formula can be written as
F (1)(x1, x2, Y˜ , b) = −
1
2
∫
d2b1
∫
d2x′1
2πx′1
2n(x1, x
′
1, Y˜ , b1) σDD(x
′
1, x2, b1 − b), (A.42)
which is exactly what one would obtain when computing this process in the boosted frame where
the left-moving onium is close to be at rest. Indeed, let us consider the dipole distribution inside
the left-moving onium in its laboratory frame, namely n(x2, x
′
2, Y˜ = 0, b2). Using expression
(2.19), it reads, using the completeness condition for the functions En,ν (see equation (25) of
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Ref. [29]))
n(x2, x
′
2, Y˜ = 0, b2)
=
+∞∑
n=−∞
16
∫ dν
(2π)3
d2w
x′2
2
(
ν2 +
n2
4
)
En,ν
(
b2 +
x′2
2
− w, b− x
′
2
2
− w
)
En,ν∗
(
x2
2
− w,−x2
2
− w
)
=
(2π)4
(2π)3
x2
2 δ2
(
b2 +
x′2 − x2
2
)
δ2
(
−b2 +
x′2 − x2
2
)
= 2πx22 δ
2(b2) δ
2(x′2 − x2). (A.43)
Calculating the scattering amplitude F (1) with formula (2.7) in this laboratory frame, one gets
F (1)(x1, x2, b, Y˜ ) = −12
∫ ∞
0
d2x′1
2πx′1
2
d2x′2
2πx′2
2d
2b1 d
2b2 d
2(b′2 − b′1) δ2(b1 − b2 − b′1 + b′2 − b)
×n(x1, x′1, Y˜ , b1) 2πx22 δ2(b2) δ2(x′2 − x2) σDD(x′1, x′2, b′1 − b′2)
= −1
2
∫
d2b1
∫
d2x′1
2πx′1
2n(x1, x
′
1, Y˜ , b1) σDD(x
′
1, x2, b1 − b), (A.44)
where we have performed in the last step the integration with respect to d2x′2 d
2b2 d
2(b′2 − b′1).
This result is identical to Eq. (A.42).
A.5 Approximate calculation of F (1) in the asymptotic regime
In this appendix we calculate the onium-onium scattering amplitude at fixed impact parame-
ter in the asymptotic regime. In that case the distributions of dipoles n(xi, x
′
i, Y˜i, bi) can be
approximated by keeping only the contribution n = 0 to formula (2.23). We show that even
in this limit it is important to consider the exact expression (A.23) of the elementary dipole-
dipole cross-section. In Ref. [15], the onium-onium cross-section at fixed impact parameter
was computed considering the interaction of two elementary dipoles of transverse size x′1 and
x′1, situated at the same point b
′
1 = b
′
2, interacting through the elementary total cross-section
σDD(x
′
1, x
′
2), and the dipole distributions were averaged over angles. Indeed, the elementary
cross-section at fixed impact parameter σDD(x
′
1, x
′
2, b
′
1 − b′2) is dominated by configurations
b′1 ∼ b′2, since σDD(x′1, x′2, b′1 − b′2) ∼ 1|b′
1
−b′
2
|4
when |b′1 − b′2| is large (this can be seen by expand-
ing formula (A.23)). Thus, it is possible in first approximation to make b′1 = b
′
2 and to replace
σDD(x
′
1, x
′
2, b
′
1 − b′2) by its integral over b′1 − b′2, which is equal to σDD(x′1, x′2) when averaging
over angles (see appendix A.2). Note that in the asymptotic regime where it is possible to keep
only the contributions n1 = n2 = 0 in the dipole distributions, the elementary cross-section will
only contribute through the quantum number n = 0, since this quantum number is conserved
(see Eqs. (2.47-2.54) for example), and thus the averaging over angles in the elementary cross-
section is automatically implied (see Eqs. (A.33-A.34)). However, we will see below that the
approximation of integrating the elementary dipole-dipole cross section over impact parameter
is exact only when calculating the total cross-section.
We thus calculate first the cross-section at fixed impact parameter in these approximations
and compare the result to the exact formula (2.59). Let us consider two heavy quark-antiquark
pairs of transverse size x1 and x2, which scatter through the exchange of a pair of gluons
between two elementary dipoles, respectively of transverse size x′1 and x
′
2, and at a distance
27
from the center of the quark-antiquark pair b1 and b2. In this approximation, the corresponding
scattering amplitude F (1) given in Eq. (2.7) simplifies in
F (1)(x1, x2, Y˜ , b) = −12
∫ ∞
0
dx′1
x′1
dx′2
x′2
d2b1 n(x1, x
′
1, b1, Y˜1)n(x2, x
′
2, b− b1, Y˜2) σDD(x′1, x′2). (A.45)
The rapidity Y˜1 and Y˜2 are such that Y˜ = Y˜1 + Y˜2. F
(1) involves the elementary dipole-dipole
total cross-section, which has been evaluated in [15], and which is calculated in appendix A.1
using eikonal techniques. For two dipoles of transverse size x′1 and x
′
2, the elementary forward
dipole-dipole cross-section reads (see Eq. (A.11))
σDD(x
′
1, x
′
2) = 2πα
2
s x
2
<
[
1 + ln
x>
x<
]
, (A.46)
where x< = Min(x
′
1, x
′
2) et x> =Max(x
′
1, x
′
2).
We write F (1) given by Eq. (A.45) as
F (1)(x1, x2, b, Y˜ ) =
∫ ∞
−∞
dν
2π
F (1)ν (x1, x2, b). (A.47)
Using the expression (A.14) of the elementary dipole-dipole cross section σDD, F
(1)
ν then reads
F (1)ν = −
πα2s
2
1(
ν2 + 1
4
)2
∫ ∞
−∞
dν1
2π
∫ ∞
−∞
dν2
2π
exp
(
2αsNc
π
(χ(0, ν1)Y˜1 + χ(0, ν2)Y˜2)
)
×
∫
d2x′1
2πx2
′
1
∫
d2x′2
2πx
′2
2
∫
d2b1
∫
d2b2 δ
2(b− b1 − b2)nν1(x1, x′1, b1)nν2(x2, x′2, b2) (x′1)1+2iν(x′2)1−2iν .
(A.48)
Using the representation
δ2(b− b1 − b2) =
∫ d2q
(2π)2
exp(−iq.(b− b1 − b2), (A.49)
and the expression (2.23) of n(x, x′, Y˜ , b), one gets
F (1)ν = −
πα2s
2
1(
ν2 + 1
4
)2
∫ d2q
(2π)2
∫ ∞
−∞
dν1
2π
∫ ∞
−∞
dν2
2π
exp
(
2αsNc
π
(χ(0, ν1)Y˜1 + χ(0, ν2)Y˜2)
)
×
∫ d2x′1
2πx
′2
1
∫ d2x′2
2πx
′2
2
e−iq.b x1
x′1
E0,ν1∗q (x1)E
0,ν1
q (x
′
1)
x2
x′2
E0,ν2∗q (x2)E
0,ν2
q (x
′
2) (x
′
1)
1+2iν (x′2)
1−2iν
(A.50)
Let us compute the integrations with respect to x′i. Defining
fνi(ν, q) =
∫
ddx′i
2π
E0,νiq (x
′
i)
−2+2iǫiν (A.51)
where ǫ1 = 1 and ǫ2 = −1, this function reads, taking into account the representation (2.29)
and introducing a dimensional regularization d = 2+2 ǫ because of the divergency when x′i → 0,
fνi(ν, q) =
4π3
b0,νi
(
q
2
)2iνi 1
Γ2(1
2
+ iνi)
∫ 1
0
dαi (αi(1− αi))−
1
2
× π
ǫ
Γ(1 + ǫ)
∫ +∞
0
dx′i (x
′
i)
−1+2iǫiν+2ǫK−2iνi
(
qx′i
√
αi(1− αi)
)
J0
(
q
x′i
2
(1− 2αi)
)
, (A.52)
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where we have performed the integration with respect to the angle (q, x′i). One can now perform
the integration with respect to x′i, using the formula (6.576) of Ref. [33]:
∫ ∞
0
x−λKρ(ax)Jσ(bx) dx =
1
4
(
b
a
)σ (
a
2
)λ−1 Γ (σ−λ+1+ρ
2
)
Γ
(
σ−λ+1−ρ
2
)
Γ(σ + 1)
×2F1
(
σ − λ+ 1 + ρ
2
,
σ − λ+ 1− ρ
2
; σ + 1;− b
2
a2
)
. (A.53)
Here σ = 0, ρ = −2iνi, b = q2(1− 2αi), a = q
√
αi(1− αi) and −λ = 2iǫiν − 1 + 2ǫ. Thus,
fνi(ν, q) =
4π3
b0,νi
1
Γ2(1
2
+ iνi)
πǫ
Γ(1 + ǫ)
1
4
∫ 1
0
dαi(αi(1− αi))−
1
2
−iǫiν−ǫ
(
q
2
)2iνi−2iǫiν−2ǫ
×Γ(iǫiν − iνi + ǫ)Γ(iǫiν + iνi + ǫ) 2F1
(
iǫiν − iνi + ǫ, iǫiν + iνi + ǫ; 1;−1
4
(1− 2αi)2
αi(1− αi)
)
. (A.54)
One can now perform the integration with respect to νi. We thus define
gi(ν, xi, q) =
∫ +∞
−∞
dνi
2π
E0,νi∗q (xi)fνi(ν, q) exp
(
2αsNc
π
χ(0, νi)Y˜i
)
. (A.55)
The analytic structure of the integrand is very simple: it has poles at νi = ±(ǫi ν − iǫ). The
integration contour can be closed either in the upper plane or in the lower plane, and give the
same contribution. For g1 we close the contour in the lower plane so as to pick up the residue
at ν1 = ν, and for g
2 we close the contour in the lower plane so as to pick up the residue at
ν2 = −ν. Since
2F1
(
0, 2iν; 1;−1
4
(1− 2α1)2
α1(1− α1)
)
= 2F1
(
−2iν, 0; 1;−1
4
(1− 2α2)2
α2(1− α2)
)
= 1, (A.56)
one gets
gi(ν, xi, q) =
π3
b0,ǫiν
Γ(2iǫiν)
Γ2(1
2
+ iǫiν)
∫ 1
0
dαi(αi(1− αi))−
1
2
−iǫiνE0,ǫiν∗q (xi) exp
(
2αsNc
π
χ(0, ν)Y˜i
)
,
(A.57)
since χ(0, ν) is an even function of ν. Performing the integration with respect to αi
∫ 1
0
dαi(αi(1− αi))−
1
2
−iǫiν =
Γ2(−iǫiν + 12)
Γ(−2iǫiν + 1) , (A.58)
F (1)ν now reads
F (1)ν = −
πα2s
2
x1 x2(
ν2 + 1
4
)2
∫ d2q
(2π)2
e−iq.b g1(ν, x1, q) g2(ν, x2, q)
= −πα
2
s
2
x1 x2(
ν2 + 1
4
)2
∫ d2q
(2π)2
e−iq.b π
6
b0,ν b0,−ν
Γ(2iν)
Γ(1 + 2iν)
Γ(−2iν)
Γ(1− 2iν)
×E0,ν∗q (x1)E0,ν∗q (x2) exp
(
2αsNc
π
χ(0, ν)Y˜
)
, (A.59)
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when taking into account that Y˜ = Y˜1 + Y˜2. Note that formula (A.59) could be equivalently
obtained from Eq. (A.54) by performing the change of variable αi → zi = (1 − 2αi)2 and
using the Watson theorem [43]. Taking the conjugate of formula (2.29) and then performing
the change of variable α = α′ − 1, one can verify that
E0,ν∗q (ρ) = E
0,−ν
−q (ρ) = E
0,−ν
q (ρ). (A.60)
Using formula (2.38), one finally gets
F (1)ν = −
πα2s
8
x1 x2(
ν2 + 1
4
)2
∫ d2q
(2π)2
e−iq.bE0,ν∗q (x1)E0,νq (x2) exp
(
2αsNc
π
χ(0, ν)Y˜
)
, (A.61)
that is
F (1)ν = −
πα2s
8(ν2 + 1
4
)2
x22 nν(x1, x2, b, Y˜ ) = −
πα2s
8(ν2 + 1
4
)2
x21 nν(x2, x1, b, Y˜ ). (A.62)
which differs from the exact result (2.59) by a factor 1
2
. Thus, the approximation of using the
elementary dipole-dipole total cross-section only gives half the correct result.
One expects that the previous approximations should be correct when calculating the
total cross-section. Indeed, integrating (A.45) with respect to b, one gets
F (1)(x1, x2, Y˜ ) = −12
∫ ∞
0
dx′1
x′1
dx′2
x′2
n(x1, x
′
1, Y˜1)n(x2, x
′
2, Y˜2) σDD(x
′
1, x
′
2). (A.63)
From formulae (2.65) and (A.14), this yields
F (1)(x1, x2, Y˜ ) = −12
∫ +∞
−∞
dν
+∞∑
n1=−∞
∫ +∞
−∞
dν1
2π
+∞∑
n2=−∞
∫ +∞
−∞
dν2
2π
∫
d2x′1
2πx′1
2
d2x′2
2πx′2
2
x1
x′1
(
x∗1x
′
1
x1x′1
∗
)n1/2 ∣∣∣∣∣x
′
1
x1
∣∣∣∣∣
−2iν1 x2
x′2
(
x∗2x
′
2
x2x′2
∗
)n2/2 ∣∣∣∣∣x
′
2
x2
∣∣∣∣∣
−2iν2
exp
(
2αNc
π
(χ(n1, ν1)Y˜1 + χ(n2, ν2)Y˜2)
)
× α
2
s
2
1(
ν2 + 1
4
)2 |x′1|1−2iν |x′2|1+2iν . (A.64)
Integrating with respect to x′1 and x
′
2 and using relation (2.67), the only remaining terms are
n1 = n2 = 0, due to the conservation of conformal weight, and one gets
F (1)(x1, x2, Y˜ ) =
πα2s
2
∫
dν
2π
1(
ν2 + 1
4
)2 |x1|1−2iν |x2|1+2iν exp
(
2αNc
π
(χ(n1, ν1)Y˜1 + χ(n2, ν2)Y˜2)
)
,
(A.65)
that is
F
(1)
{0,ν}(x1, x2) = −
π α2sx
2
2
4
1(
ν2 + 1
4
)2 n{0,ν}(x1, x2), (A.66)
which is exactly the result (2.71).
A.6 Expression of E0,νq in terms of Bessel functions
In this appendix we prove the expression (2.30) of E0,νq . Starting from equation (2.29) and
making the change of variable α = sin2 t
2
, the mixed function E0,νq reads
E0,νq (ρ) =
4π3
b0,ν
(
q
2
)2iν 1
Γ2
(
1
2
+ iν
) ∫ π
0
e
i
q.ρ
2
cos t
K−2iν
(
qρ
2
sin t
)
dt. (A.67)
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Let us calculate
C =
∫ pi
2
0
e
i
q.ρ
2
cos t
K−2iν
(
qρ
2
sin t
)
dt +
∫ π
pi
2
e
i
q.ρ
2
cos t
K−2iν
(
qρ
2
sin t
)
dt. (A.68)
Making the change of variable t′ = π − t in the second integral, one gets
C = 2
∫ pi
2
0
cos
(q.ρ
2
cos t
)
K−2iν
(
qρ
2
sin t
)
dt. (A.69)
Combining
Kµ(λ) =
π
2 sin(πµ)
[I−µ(λ)− Iµ(λ)] (A.70)
and
Iµ(λ) = e
−ipi
2
µJµ(e
ipi
2 λ), (A.71)
the Bessel function K can be written as
Kµ(λ) =
1
2
Γ(µ)Γ(1− µ)
[
ei
pi
2
µJ−µ(e
ipi
2 λ)− e−ipi2 µJµ(eipi2 λ)
]
. (A.72)
C can then be computed using relation (6.688) of Ref. [33])
∫ pi
2
0
Jµ(z sin t) cos(x cos t) dt =
π
2
Jµ
2
(y+) Jµ
2
(y−),
where y± =
√
x2 + z2 ± x
2
. (A.73)
In our case µ = −2iν, x = q.ρ
2
and z = ei
pi
2
qρ
2
. Defining Ψ the angle (q, ρ), and computing y±,
y± = ±qρ
4
e±iΨ, (A.74)
one gets
C =
π
2
Γ(−2iν) Γ(1 + 2iν)
[
Jiν
(
qρ
4
eiΨ
)
Jiν
(
qρ
4
e−iΨ
)
− J−iν
(
qρ
4
eiΨ
)
J−iν
(
qρ
4
e−iΨ
)]
,
(A.75)
where we have used the relation
Jµ
(
eiπz
)
= eiπµJµ(z) (A.76)
in order to get rid of the minus sign arising from the y− contribution. Combining expressions
(A.67) and (A.75), and using the expression (2.22) for bn,ν , one finally gets
E0,νq (ρ) =
(
q
2
)2iν
2−2iνΓ2(1−iν)
[
Jiν
(
qρ
4
eiΨ
)
Jiν
(
qρ
4
e−iΨ
)
− J−iν
(
qρ
4
eiΨ
)
J−iν
(
qρ
4
e−iΨ
)]
,
(A.77)
in agreement with the more general result (10) of Ref. [32].
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A.7 Properties of the three-points correlation functions En,ν and
En,νq
In this appendix we derive various useful mathematical formulae for the functions En,ν and
En,νq . Let us first show that E
n,ν and E−n,−ν are related by the following expression
En,ν∗(ρ10, ρ20) =
b∗n,ν
an,ν
∫
d2ρ0′E
n,ν(ρ10′ , ρ20′)|ρ00′ |−2+4iν
(
ρ∗0′0
ρ0′0
)n
(−1)n, (A.78)
which corrects formula (A.12) of [29]. Consider
T =
∫
d2ρ0′E
n,ν(ρ10′ , ρ20′)|ρ00′ |−2+4iν
(
ρ∗0′0
ρ0′0
)n
. (A.79)
Using conformal invariance, we can take ρ2 →∞ in order to simplify the calculation and restore
the ρ2 dependence afterwards by requiring the correct conformal transformation property. T
then reads
T =
∫
d2ρ0′
(
1
ρ∗10′
)n
|ρ10′ |n|ρ00′ |−2+4iν
(
ρ∗0′0
ρ00′
)n ∣∣∣∣∣ 1ρ∗10′
∣∣∣∣∣
1+2iν
=
∫
d2R′
(
R′ + ρ
2
R′∗ + ρ
∗
2
)n
2
|R′ −R|−2+4iν
(
R′∗ − R∗
R′ − R
)n ∣∣∣∣∣ 1R′ + ρ
2
∣∣∣∣∣
1+2iν
, (A.80)
where ρ10 = R +
ρ
2
, ρ20 = R− ρ2 , ρ10′ = R′ + ρ2 and ρ20′ = R′ − ρ2 . After performing the change
of variable R” = R′ − R and introducing R” =
(
R + ρ
2
)
z, T reads
T =
(
R∗ + ρ
∗
2
R∗ + ρ
2
)n
2
|R + ρ
2
|−1+2iν K, (A.81)
where
K =
∫
d2z
(
z + 1
z∗ + 1
)n
2 |z|−2+4iν
(
z∗
z
)n ∣∣∣∣ 1z + 1
∣∣∣∣
1+2iν
. (A.82)
Using the techniques developped in Ref. [44], this integral can be computed after performing
a Wick rotation for the y integration. The corresponding replacement y → iye−2iǫ reads
z+ z∗ = α+ β and z− z∗ = (α− β)e−2iǫ with d2z = dx dy = 1
2
dz dz∗ = i
2
dα dβ. Separating the
integration in α in three domains, the non-zero contribution is obtained for α ∈ [−1, 0] due to
the iǫ. Closing the integration contour for the β integration around the singularity β = 0, this
yields
K =
i
2
∫
dα dβ
(α + 1)|n|
[(α+ 1)(β + 1) + iǫ]
|n|+1
2
+iν
β2|n|
(αβ + iǫ)|n|+1−2iν
=
∫ 1
0
dα (1− α) |n|−12 −iν α−|n|−1+2iν sin(|n|+ 1− 2iν)
∫ +∞
0
dβ
β |n|−1+2iν
(β + 1)
|n|+1
2
+iν
, (A.83)
where we have performed the change of variable α→ −α. These integrals lead to β functions.
After some straightforward calculations, one gets
K =
π
2
1
−iν + |n|
2
24iν
Γ
(
−iν + |n|+1
2
)
Γ
(
iν + |n|+1
2
) Γ
(
iν + |n|
2
)
Γ
(
−iν + |n|
2
)(−1)n = bn,ν
2π2
(−1)n = an,ν
b∗n,ν
(−1)n. (A.84)
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Combining formulae (A.78,A.81,A.84) and using
En,ν∗(ρ10, ρ20) =
(
R∗ + ρ
∗
2
R + ρ
2
)n
2 ∣∣∣∣R + ρ2
∣∣∣∣−1+2iν , (A.85)
one finally gets formula (A.78) after restoring the correct dependence in ρ2.
Note that from Eq. (A.78) one can obtain the corresponding relation between En,ν∗q and
En,νq . Indeed, performing the Fourier transform of both sides, one gets
En,ν∗q (ρ1 − ρ2) =
2π2
b∗n,ν
∫ d2 ρ1+ρ2
2
|ρ1 − ρ2| e
−i1
2
(ρ
10
+ ρ
20
).q
En,ν∗(ρ
10
, ρ
20
)
=
bn,ν
an,ν
2π2
bn,ν
∫ d2 ρ1+ρ2
2
|ρ1 − ρ2| e
−i1
2
(ρ
10′
+ ρ
20′
).q
En,ν(ρ
10′
, ρ
20′
)
×
∫
d2ρ
0′
e
i(ρ
0
− ρ
0′
).q|ρ00′ |−2+4iν
(
ρ∗0′0
ρ0′0
)n
(−1)n
=
bn,ν
an,ν
En,ν−q (ρ1 − ρ2)
b∗n,ν
2π2
|q|−4iν
(
q∗
q
)n
e−iδ(n,ν), (A.86)
where the last integral is computed performing the integration d2ρ
0′
= d2ρ
0′0
with radial coor-
dinates ρ0′0 = |ρ0′0| exp(iφ) (see the result (A.11) of Ref. [29]). Using the definition (2.21),
En,ν−q (ρ) =
2π2
bn,ν
∫
d2R
|ρ| e
−iq.R En,ν
(
R +
ρ
2
, R− ρ
2
)
=
2π2
bn,ν
∫
d2R
|ρ| e
iq.REn,ν
(
−R + ρ
2
,−R − ρ
2
)
=
2π2
bn,ν
∫
d2R
|ρ| e
iq.R En,ν
(
R +
ρ
2
, R− ρ
2
)
= En,νq (ρ), (A.87)
where we have used the fact that
En,ν(ρ1, ρ2) = (−1)nEn,ν(ρ2, ρ1) = En,ν(−ρ2,−ρ1). (A.88)
Thus, using formula (2.38), one finally gets from Eq. (A.86)
En,ν∗q (ρ) = |q|−4iν
(
q∗
q
)n
e−iδ(n,ν)En,νq (ρ), (A.89)
in agreement with formula (A.15) of Ref. [29].
Note that the function En,νq also possesses the following property
En,ν∗q (ρ) =
2π2
b∗n,ν
∫ d2R
|ρ| e
−iq.R En,ν∗
(
R +
ρ
2
, R− ρ
2
)
=
2π2
b−n,−ν
∫
d2R
|ρ| e
iq.R En,ν∗
(
−R + ρ
2
,−R− ρ
2
)
= E−n,−νq (ρ), (A.90)
where we have used the relation
En,ν∗(ρ1, ρ2) = E
−n,−ν(−ρ2,−ρ1). (A.91)
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Let us now prove the following orthonormalisation property for the three-points correla-
tion functions En,νq∫ d2x′1
2πx′1
2E
n1,ν1
q (x
′
1)E
n,ν∗
q (x
′
1) = πδn1,n δ(ν1 − ν) + πδn1,−n δ(ν1 + ν)
(
q
q∗
)n1
|q2|2iν1eiδ(n1,ν1).
(A.92)
Using the definition (2.21), the left-handside reads∫
d2x′1
2πx′1
2E
n1,ν1
q (x
′
1)E
n,ν∗
q (x
′
1) =
∫
d2x′1
2πx′1
2
2π2
b∗n,ν
2π2
bn1,ν1
×
∫ d2Rd2R′
x′1
2 e
iq.(R−R′)En1,ν1
(
R +
x′1
2
, R− x
′
1
2
)
En,ν∗
(
R′ +
x′1
2
, R′ − x
′
1
2
)
.
(A.93)
Performing the changes of variables
ρ1 − ρ0 = R + x
′
1
2
, ρ2 − ρ0 = R − x
′
1
2
, ρ1 − ρ0′ = R′ + x
′
1
2
, ρ2 − ρ0′ = R′ − x
′
1
2
, (A.94)
and using the equality
d2Rd2R′ d2x′1 = d
2ρ
1
d2ρ
2
d2ρ
0′
, (A.95)
one can apply the orthonormalization condition (2.48), which yields∫
d2x′1
2πx′1
2E
n1,ν1
q (x
′
1)E
n,ν∗
q (x
′
1) =
2π2
b∗n,ν
2π2
bn1,ν1
1
2π
[
an,νδn1,n δ(ν1 − ν)
∫
d2ρ
0′
eiq.ρ0′0 δ2(ρ0′0)
+bn1,ν1δn1,−n δ(ν + ν1)(−1)n
∫
d2ρ
00′
|ρ00′ |−2−4iν
(
ρ00′
ρ∗00′
)n1
eiq.ρ0′
]
. (A.96)
Using the result (A.11) of Ref. [29] for the last integral, one finally gets the expected result
(A.92).
A.8 Calculation of F (1) in the mixed representation
In this appendix we show how to get the onium-onium scattering amplitude at fixed impact
parameter using the mixed representation for the dipole distribution (see Eq. (2.23)) and for
the elementary dipole-dipole cross-section (see Eq. (A.30)). Using the Fourier representation
of the δ distribution, formula (2.7) reads
F (1)(x1, x2, Y˜ , b) = −12
∫
d2x′1
2πx′1
2
d2x′2
2πx′2
2d
2b1 d
2b2 d
2(b′2 − b′1)
∫ d2q
(2π)2
eiq.(b1 − b2 − b
′
1 + b
′
2 − b)
×n(x1, x′1, b1, Y˜1)n(x2, x′2, b2, Y˜2) σDD(x′1, x′2, b′1 − b′2). (A.97)
Combining this expression with formulae (2.23) and (A.30), one gets
F (1)(x1, x2, Y˜ , b) = −12
∫ d2q
(2π)2
e−iq.b
∫ d2x′1
2πx′1
2
d2x′2
2πx′2
2
+∞∑
n1=−∞
∫ +∞
−∞
dν1
2π
x1
x′1
En1,ν1∗q (x1)E
n1,ν1
q (x
′
1)
×
+∞∑
n2=−∞
∫ +∞
−∞
dν2
2π
x2
x′2
En2,ν2∗q (x2)E
n2,ν2
q (x
′
2) 2α
2
s
x′1 x
′
2
16
+∞∑
n=−∞
∫ +∞
−∞
dν
1 + (−1)n(
ν2 +
(
n−1
2
)2)(
ν2 +
(
n+1
2
)2)
×En,ν∗q (x′1)En,νq (x′2) exp
(
2α2sNc
π
(χ(n1, ν1)Y˜1 + χ(n, ν)Y˜2)
)
(A.98)
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From the property (A.90), one hasEn2,ν2q = E
−n2,−ν2∗
q .We can now apply the orthonormalization
condition (A.92), which yields
F (1)(x1, x2, Y˜ , b) = −πα
2
s x1 x2
8
∫ d2q
(2π)2
e−iq.b
+∞∑
n=−∞
∫ +∞
−∞
dν En,ν∗q (x1)E
n,ν
q (x2)
× 1 + (−1)
n(
ν2 +
(
n−1
2
)2)(
ν2 +
(
n+1
2
)2) exp
(
2αsNc
π
(χ(n1, ν1)Y˜1 + χ(n, ν)Y˜2)
)
. (A.99)
From the expression of the dipole density (2.23), this finally reads
F
(1)
{n,ν}(x1, x2, b) = −
πα2sx
2
2
8
1 + (−1)n(
ν2 +
(
n−1
2
)2)(
ν2 +
(
n+1
2
)2) n{n,ν}(x1, x2, b). (A.100)
which is identical to Eq. (2.58) as expected.
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